A sufficient condition is given for an a-adic complete ring R to be a power series ring over a subring.
zero in R. This is the so called a-adic topology in R. Both addition and multiplication are continuous in a-adic topology. R is a Hausdorff space if and only if (\?=o u¿=0. A mapping/:/?-»-/? is continuous if there exists a subsequence {av"}"=0 of the sequence {an}™=0 sucn that/(av«)<=aB, for each natural number n. Lemma 1. Let R be a ring. Let D={D¡}^0 be a higher derivation of R. Proof. Straightforward. Lemma 2 . Let R be a ring. Let a be an ideal of R such that (\f=o ai==0. Assume R is complete with respect to the a-adic topology. Let xea, and let £¡ = 2'=o (-O'x'A. Then the sequence {Et}1°=0 is uniformly convergent, andE=~2ff=0 (-l)'jc'.Di = lini,_00 £¡ is a continuous endomorphism of R.
Proof.
The sequence {E¡ia)} is a Cauchy sequence for each a e R. In fact £f(fl) -£,-(a) e a" for i,j>n; i.e., for each given a", there exists a natural number N (=n) such that £,(a) -£;(a) e a" for i,j>N. Hence {£,(a)} converges in R. Since the natural number N above is independent of a e R, therefore {fJ^Lo converges uniformly in R. Hence £=lim,_0O £, is continuous. In fact for each a" and for each a e a71, there exists a natural number N=n which is independent of a such that £(a)=(£(a)-£^(0)) + Es(a) e a71. Thus E(an)^an.x
Since £(a+6)=lim!_00 £;(a+6)=lim,_00 E^+lim^^ Et(b)=E(a) + E(b), therefore E(a+b)=E(a)+E(b).
Also for each natural number /,
3. Theorem 1. Let R be a ring and let a be a proper ideal in R such that p|,"0a¿=0, and R is complete with respect to the a-adic topology. Assume that there exists a higher derivation D = {Di}?=0 of R such that Dx(x)=l for some x e a. Let E=D0-xDi+-
then there exists a subring Rx of R such that R = Rx [[x] ], and x is analytically independent over Rx', i.e. if 2S=o OiX'=0 where a¿ e Rx then ai=0foralli=l,2,-
The other inclusion is obvious. Next, we observe that £2=£. In fact for each a e R,
so E2(a)=E(a) for all a e R. Let Rx=E(R) then £ is an identity map on Rx. Let a be an arbitrary element in R. E(a)=a-xDxa+-■ • + (-l)nxnDna + -■ ■ implies that a=£(a)+a1x
for some %£/!. Thus a=E(a)+xE(ax)+a2x2 for some a2eR, and so on. Therefore we have In the following, a semilocal (local) ring 35 is a Noetherian ring with finitely many (unique) maximal ideals. Let m be the intersection of the maximal ideals of D. It is well known that {\f=ami=(). In this case we use m-adic topology for R. As a corollary to Corollary 1, we have the original lemma of Zariski. Proof. Let D1x=£~1, where e is a unit in 35. Replacing {.D¿}?10 by {£\DJ£L0, we may assume Z>,;c=l. Since D{x=0 for z>l, therefore Ex=x-xDxX=0
where E=D0-xDx-\-+(-l)nJcn.DB+-■ ■ . Thus the theorem is applicable.
Remarks.
(1) Theorem 1 and Corollary 1 hold under the assumption that Dxx is a unit. The proofs are easily modified.
(2) If R has a as its sole maximal ideal and is a complete Hausdorff space with respect to the a-adic topology, then E(x)=0 and x^O implies that Dxix) is a unit.
(3) If R is a complete Hausdorff integral domain with respect to the a-adic topology, then E(x)=0 and x^O implies that Dxix) is a unit.
4. Though the following theorem could be easily proved by a similar technique used in the proof of Theorem 1, we would like to prove it as a corollary to Corollary 1. Theorem 2. Let R be a ring containing the field of rational numbers as a subring. Let a be an ideal in R such that (\%L0 ai=0. Assume that there exists a derivation D of R such that il) for each y e R, Dl(y)=0 for sufficiently large i, and (2) Dix)=l for some xea. Then Proof. Let x be a unit in R, and let y e R be such that xy=l. Then xDy+yDx=0. Suppose Dx^O. Thus Dyj¿0. Let i be the natural number such that D'x=0 and Dmx^0 for m<i, also let y be the natural number such that D>y=0 and Dvy^ § forp<j. By Leibniz's formula, 0 « D\xy) = J (n\D\x)D^\y). License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
